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I. INTRODUCTION

This report deals with the forces and moments exerted by a liquid payload

_ during spin-up on a spinning and nutating right circular cylinder. The cur-

5] rent work stems from the original paper by Stewartson,! improved by the
‘ viscous correction of Wedemeyer,?2 It represents an extension of the work
presented in Reference 3, which treats the particular case of circular angular

motion with constant nutational frequency and zero yaw growth., Here we deter-

mine the viscous shear contribution to the moment in addition to that of the

- pressure. The ad hoc model of Murphy,“ described in Reference 3, is employed
i_ . to compute the spin-up inoment.

In the danalysis, two coordinate systems are considered. The first is an
inertial system, the unyawed reference ¥frame shown in Figure 1, in which
cylindrical polar coordinates* {r, o, x) and Cartesian coordinates (y, z, Xx)
are used, The second coordinate system, used to describe the projectile

~ ~

motion, 1is the y, Z, x non-spinning system that has the x-axis along the

L)

projectile axis of symmetry; the y and Z axes are omitted from Figure 1 for
clarity. The x = 0 and x = 0 values are located at the midplanes of the

unyawed and yawed cylinders, respectively. The x-axis is nutating about the
x-axis with the angle Ky(t); the pivot point Tlies at the midplane. The

components of the projection in the y, z plane of a unit vector lying on
the x-axis are denoted by nyp and nyp, respectively. It is convenient to com-
bine the two components of yaw into a single complex variable

(nYE + 1 nZE)' (1.1)

The nomenclature here is that prescribed in Reference 5 and used in References
3, 6, and 7.

m o
\

#* L , , ,
Nefirvitions of quuntities are given in the LIST OF SYMBOLS Section.

x I. K. Stewartsor, "On the Stability of a Spinning Top Containing Liquid," T
L Journal of Fluld Mecharnics, Veol. §, Part 4, 1959. -]
_ )
® 2. . l' We lemeyer, "Viscous Corrections to Stewartson's Stability Criter- )
tom," Ballistic Research Laboratory, Aberdeern Provinj Ground, Marylard,
: BRL Report No. 1287, June 1966. (AD 489687) 1
S M. derber, "Cowtribution of Pressure to the Yomewt Muring Spin-lUp on a b
r Nt ating  Liquid-Filled Cylinder: Ad  Hoe Molel," BRallistie Research ;
o . laborat ey, Aberdeen Proving Ground, Maryland, ARHRL-TR-02563, Jure 1984. 4
s (Al Al43078) _
4o Oy Murphy, "Moment Induced by Liquid Payload During Spin-Up Without a T3
ceitizal Iayer," Ballistic Research Lakoratory, Aberdeer Proving Ground, L
Maryland, AXBRI-TR-02581, August 1984. (AD Al45716) (See also AIAA 22nd .
~ e . .
Aerospace Sotences Meeting, Reno, Nevada, AIAA Paper No. 84-0229, January )
1944 .)
)
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The projectile motion is specified as

-~ i¢ ;
£ = K1 e 1. KO e1f&t. (1.2)
i where
- Ky = Ko g ETHL 4 = t, f=(1-1i¢) 1 (1.3)

j;"-"- Here t is time, & (rad/s) is the axial component of the angular velocity of
E the cylinder; t and et are nutational frequency and yaw growth rate,
respectively, divided by ¢. Ky is the magnitude of the yaw at time t =

0; is the angular orientation of the x-axis in the y, z, x system as shown

in Figure 1. Lengths and distances are non-dimensionalized by a, the cross-
— sectional radius of the cylinder, The yaw grows when et > 0; however, in this
Q study we apply the restriction e = 0.

Computational results will be presented in terms of time histories of
non-dimensional moment coefficients. Each history is specified by the three
parameters Re, A = c/a, and t, where

Re = a2§/v (1.4) )

is the Reynolds number and v is the kinematic viscosity of the liquid. The i

reader is referred to References 3 and 7 for details of the analyses; only the ]

a relevant features will be repeated here. o

I

I1. FLOW PROBLEM

A. Flow Variables.

Here, as in previous work,‘"” we assume the yaw to be sufficiently

small so that a linearized analysis 1is applicable, i.e., the flow may be T
- -
L v{
o 5. C. H. Murphy, "Angular Motion of a Spimning Projectile with a Viscous

Liquid Payload," Ballistic Research Laboratory, Aberdeen Proving Ground, . 1

Maryland, ARBRL-MR-03194, August 1982. (AD A118676) (See also Journal of
Guidance, Control, and Dynamics, Vol. 6, July-August 1983, pp. 280-286.)

: 6. N. Gerber, R. Sedney, and J. M. Bartos, "Pressure Moment on a Liquid- ]
b Filled Progjectile: Solid Body Rotation,"” Ballistic Research Laboratory, T
o Aberdeen Proving (round, Maryland, ARBRL-TR-02422, October 1982.

' (AD A4120567)

7. N. Gerber and R. Sedney, "Moment on a Liquid-Filled Spinning and Nutating oo
o Projectile: Solid Body Rotation," Ballistic Research Laboratory, Aberdeen o

Proving Ground, Maryland, ARBRL-TR-02470, February 1983. (AD A125332)

8 ::‘;'_\




consicdered ~he sum of a known basic unperturbed axisymmetric flow and a 3-D

perturbation flow. The basic flow employed here is the Wedemeyer spin-up
model 8 (see Eqs. (2.2) and (2.3) in Reference 3) which is obtained by finite
difference calculations. Thus,

N s (e, B - K u(r, 8, x, 3t) (2.1a)
E{E v=V(r, $t) - Ko v (r, 8, x, t) (2.1b)
I w=W(r, x, §t) - Ky W (r, 9, x, ¢t) (2.1c)

p =P {r, jt) - Ko 6 (ry, 8, x, $t). (2.1d)

The u, v, w are velocity components in the radial, azimuthal, and axial
directions, respectively; U, V, W are the corresponding velocity components of

the basic flow. The velocity components of the perturbed flow are u, v, and

* .
w. The guantity p is pressure, P is the pressure of the basic flow, and p is
the perturbation pressure. Velocity is non-dimensionalized by a$ and pressure

?.?
by pa~¢ , where p is the density of the liquid. The angular motion prescribed
by Eq. (1 2) leads to boundary conditions on the perturbed velocity components

at the sidewall and endwalls with a t, 8 dependence of e1 (T¢t O).

B.  Assumptions of Model.

The present model assumes the following form for the perturbed flow
variahles:

u = Real [u (r, x; §t) exp {i (t¢t-0)}] (2.2a)
V = Real (v (ry x; §t) exp (i (rdt-6)}] (2.2b) 5
W = Real fw (r, x; $t) exp (i (tét-0)}] (2.2¢) | :
b = Real (p (ry x; §t) exp {i (zét-0)}]. (2.2d)

e
. . .

et P
LIPS I AU NS

8¢ Eo e Wolemeyor, "The tinsteady Flow Within a Spinwing Cylinder,” Ballistic
Ragearch  Laboratory, Aberdeern Proviv; Ground, Maryland, BRL Report No.
1225, October 1963. (AD A431846) (See also Jourmal of Fluid Mecharics,
Vol. 20, Part 3, 1984, pp. 383-399.)
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The U, V, W, and p are complex functions; the time, t, enters them only

as a parameter due to the "quasi-steady" assumption (discussed at the end of

: Section II.A in Reference 3). The resulting problem in u, v, w, and p is
kli formally time-independent, implying that there are no transients in the lag
N between the motion of the cylinder and the corresponding response of the
flow. The solution of Eq. (2.2) would be most valid late in the spin-up
history of the fluid, and its applicability would be expected to decrease as t
decreases.

i.; The differential equations for u, v, w, and p are given by Eq. (2.9) in

Reference 3, the axis and sidewall boundary conditions by Egs. (2.10) and
- (2.11) in the same report. V(r) and aV/ar occur in these, but U and W are
5 absent.

ip_ The following ad hoc endwall boundary ccndition is applied in the absence
o of a rationally derived boundary condition:

L(w) = (1 % scg /x) w=1i(1-1r at x = ¢ A, (2.3)
[' It is discussed briefly in the last two paragraphs of Chapter I of Reference

3. This condition will not be satisfied exactly by the solution but only to
within the accuracy of a least squares fit. The complex "thickness" gcp is
found as follows:

o = 2-1/2 ReEl/Z (1 -1) (3 - 1)1/2 (2.4a)

g = 272 Re 2 (14 4) (14 1)l/2 (2.40)

scp = [ (1 - 2—) + 5 (1 + 2] 2.4
E Zog T-+1 B -7 (2.4c)

with the restriction (3 - 1) > 0. The "effective" Reynolds number used here
is given by

1 o
Rep (t) = [2 S V (r; st) dr] Re, (2.5) : -
. .

For solid-body rotation, with V = r, the bracketed term is equal to unity, and
Rep = Re; while the fluid is spinning up, V < r and Rep < Re.

10
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C. Flow Solution,

The flow solution is expressed as

KF NJ
u = Jo(r) x + E Jk(r) sin A+ E dJ Gj(r) sin “jx (2.6a)
k =1 j=1
KF NJ
v ='v0(r,‘» PR Z vk(r) sin X Z dJ. \7J.(r) sin uJ-X (2.6b)
Kk =1 j=1
Kt NJ
W= wo(r) - E wk(r) Cos A x = E dj wj(r) €O0S ujx {2.6c)
k =1 =1
KF NJ
p = ;;O(r) x + Z pk(r) sin AKX # E dj 5j(r) sin “jx’ (2.6d)
k =1 ji=1

where U, U, Dj, etc., satisfy Eq. (2.23) of Reference 3.

The xk's are solutions to the functional equation (see Eq. (31) of

Reference 6)

cos N A+ a Scp sin A =0, (2.7)

-

so that every W, (r) cos A x term satisfies the homogeneous endwall condition

L(Qk cos ax) = U at x =t A, where the operator L is defined in Eq. (2.3).

At r =1, G, = Vv =w_ =1, so that the p.'s are eigenvalues of Eq. (2.23) of

J 1 J J

i (The normalization of the corresponding

eigentunctions is described 1in Chapter III.C of Reference 9.) Thus, the
partial solution taken trom tg. (2.6,

Reference 3 with b replaced by u

1

S PO LG, R Y LN SO/ VU W PV SOy s Amteadh e entaad s it . P

A Hosle_elo sl




- — A .
u uo(v) X + :i‘ \nk(r) sin A X,
k

satisties the sidewall conditions

u (r=1) = u (r - 1) = =1 (1 - 1) x
=z = = = - { =
vo(r 1) v, {r 1) 1Vr(r 1) 1 ox
wo{r - 1) - W (r - 1Y = v (1 - o).
Pinally, the partial solution
u wor) x4 d. u.(r) sin y.x
b, U Z j Ut Y]
J
) - w ~0S X NS
W, “(r) E dj w]\r) cos X ete.,
J
15 1ottt to satisfy the non-homogeneous endwall boundary
(7a4). The w ot tq. (2.100)  cannot  satisty tqg. (2.3)
2
comprl ey d]'s are therefore determined so as to minimize in a
sense the error over the anterval 0 <r <1,
n. Uperational Procedure,
The current  operational  procedure ditters ftrom the

Reterence 3,

A hetore tor 1,..., Ni.

[he next

(Lq. (2.723) ot Reterence 3, with xk - ) and 'p

The new method was suggested by C,
to calvalate the complex eigenvalues i and the eigenfunctions u], Vj’ w]. p

etc.,

(Eq. (2.11) of Reterence 3):

H, Murphy.

step 1s to solve the ditterential cquations for

Uy Vo‘ wo‘ b

T ——

(2.8)

(?.9a)

{¢.9b)

(?.9¢)

(2.10a)

(2.10b)

condition of Eq.
identically;

the

least squares

one  employed 1in
The first step is

J

~ ~ -~

0

1. The arthonormalization

process ot Reterence @ 1s employed to abtain three linearly independent con-

tinwous solutions (i, V], W

1 1

tollowing three independent sets ot boundary conditions at r - 1:
ooy TR i 0
1 1 . V1\I , Wy
S . Vol Py w, ;

. T . AT . o O T . ‘. ’ N
b, H_‘_L‘.A_AJ‘AA'IAA‘")‘AA-._t‘iA‘-l_l_L

» p‘v V;o w;\)g where i

WS S R ST

A

i, 7, 3, hy applying the

(2.11a)

(2.11h)

. N
PP O T 1
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0,(1) = - (1 -1 v.y =L =1 Wy(1) = 1. (2.11c)

The third set, Eq. (2.11c), is [P (1 - -r)]'1 times the boundary values of the t
particular solution for solid body rotation. In providing a known limiting ]
case, these latter numbers prove to be helpful in checking the program and o
assessing the accuracy of the procedure. Finally, N
4
u, = k1 U1 + k2 U2 + k3 Uy
A
Vo = kl V1 + k2 V2 + k3 V3 (2.12) :
4
W o= k1 w1 + k2 w2 + k3 w3, etc,
where ki, kp, and k3 are constants to be determined.
We apply the same condition on Qo(l) as on w(l); namely, Eq. (2.9¢): O
- 4
W (1) = (1= o). (2.13) o
Then, by application of Eq. (2.11), -
1
ky = i (1 - 1) (2.14) J
and h ,
. . R " - cieanl
Wolr) =k Wi(r) + ky Wp(r) + 1 (1 - 1) Wy(r). (2.15) : | ‘
Upon substitution from Eq. (2.15) and Eq. (2.10b), the endwall ad hoc ;
boundary condition at x = A becomes
]
N} + 2
R(r) - =N e Wi =0,
(r) = v (r) P e w,(r) (2.16)
where J=1
1
= . fs i . . i = ces { . .J
e {cos b A+ S my sin b A) dJ (J 1,2,...NJ) {2.17a) S
eng + 17 kl, eng + 2 = Ko (2.17b)
13 X
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§ fyg s 1 = - W (r) (2.17¢)
[’i Wy 42 7" ﬁz(r) (2.17d)
. v (r) = i (1-n1) [ﬁ3(r) -r] (2.17e)

The error, R(r), will not be identically zero. We seek to optimize the
fit of the solution to the boundary condition by determining a set of ej's .
which minimizes the error integral

. h e Ty
&l P
IR
1 - I

1
g (el,..., ey + 2) = 50 ’R(r)]2 dr. (2.18)

The procedure for calculating the e;'s is presented in Appendix A. There are
now NJ + 2 functions and constants with which to minimize the error, as com-
pared with NJ functions and constants in the method of Reference 3. This
additional flexibility is expected, generally, to produce an improvement in
accuracy in satisfying the endwall boundary condition. The measure of the
relative error adopted here is given by

1
Er = [g/ SO lv (r)|2 ar2'/2, (2.19)

The constants ky, kp, and ky are now evaluated from Eqs. (2.17b) and (2.14). ;;:

Finally, the differential equations (Eq. (2.23) of Reference 3 with

€ = 0) are solved for u,, v,, W, p, with the boundary conditions at r = 1
obtained by subtracting Jo(l)x. oo(l)x, Qo(l) from the conditions of Eq. -
(2.9). Thus for k #0, )
uk(l) = - [uo(l) +1 (1 - 1)] b, (2.20a)
v (1) = = Lv (1) + V(1) - <] b, (2.20b)
w (1) =0, (2.20¢)

where

(273 )% [1 + (6 6cg)?T sin 4 A
b, = 7 : (2.21)
Al + (N 5cE) ] - Scp

14




given by Eq. (2.29) of Reference 3. The complete solution is now available to
compute forces and moments,

IIT. LIQUID MOMENTS

A. Sidewall Moment.

Definitions of sidewall pressure and shear moment coefficients are stated

in Eq. (5.6) of Reference 7. MLiL is the moment about the (transverse) Z -
axis exerted by the liquid on the sidewall of the container:

- 4 02 - N .
M 7 /(2matc oK) = CiLsmypy Sin Tét + C(LIM)PL cos tft +
(3.1)

C sin T4t + C cos Tét.

(LSM)VL (LIM)VL

The LSM and LIM designate side and in-plane moments, respectively; i.e., the
moments tending to change the yaw angle and nutational frequency, respec-
tively. P indicates pressure, V indicates viscous wall shear, and the final L
{(1ateral) designates sidewall.

The boundary layer assumptions (p. 20 of Reference 7) are retained in the

* * *
derivation of the shear moment; thus, Ju/3r, 3u/36, and du/sx at r = 1 are
dropped. For spin-up, additional order of magnitude assumptions are made.

While terms of O(KO/Re) are kept, terms of O(KO/Re3/2) are omitted; thus,
U, dU/or, W/ar, and oW/3z are dropped. The term [V.(1) - 1] appears in the
moment coefficient formula, and it is also neglected. Because of the boundary
layer in the perturbed flow, it is expected that Iaslar' and |§w/ar| >>

[aV{Qrd- V/r] at r = 1 except at very early time when the theory is not
applied.

We replace Eq. (5.7) of Reference 7 with the following set of formulas

applicable to spin-up for the present circumstances (e = & = 0), where
inteyrands are evaluated at r = 1

A
Corsmypr = (20 AT Real [- S x (p+x) dx] (3.2a)
A

Coumypr = 21 M7 Imag (- S x (p+x) dx] (3.2b)

15
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C(LSM)VL = I Re Real [-’iS {3—;- i xa—;- ix = - 1)} dx)
A (3.2¢)
1 AWy
Comy = 7 Re Imag L S Gr-ixgr-1x (- dbdl. (3.2d)
-A

The 3V/3r term replaces unity in Eq. (5.7c) of Reference 7 as a consequence of

*
the sidewall condition on v (Eq. (2.6b) in Reference 3). (The third term of
the integral in Eqs. (3.2c) and (3.2d) has been retained here and in Reference
7 even through other terms of the same order in Re have been dropped in the
boundary layer approximation.) The variables p, v, and w are evaluated by the

formulas in Eq. (2.6). Detailed expressions for the integrals in Egs. (3.2a)
and (3.2b) are given in Eqs. (3.8), (3,9), and (3.10) of Reference 3.

B. Endwall Moment.

M 7g is the moment about the (transverse) z -axis exerted by the liquid
on the endwalls of the container. We restate Eq. (5.12) of Reference 7:

. 4.2 ) o .
M e/ (2mpa" §" T Ky) = C(LSM)PE sin Tt + C(LIM)PE cos T¢t +

(3.3)
CiLsmyve STn ot + Copqyyyg cos Tot.
The endwall pressure moment coefficients are given by
\ el 2
CiLsmype = [1/(7 A)] Real [i S r {p(r,A) + AVS/r} dr] (3.4a)
0
. 2
C(LIM)PE = [1/(< A)] Imag [i S r {B("oA) + AVS/r} dr], {3.4b)
0

which are the same as those obtained from Egs. (3.12) - (3.18) in Reference 3.
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For the c¢ndwall shear

‘ 1

ClLsmyve = = [1/(« Re)] Real [ s r{a (v -1 u)/oax} ar] (3-53)
0 - - x = A
1

Cumyve = - [1/(x Re)] Inag [g (o (v - u)/ax) dr], (3.5b)
0 x =

the same as Egs. (5.13c) and (5.13d) of Reference 7. The treatment of the
term 3 (v - 1u)/3x parallels that in Section V of Reference 7, where it is

shown that the second term dominates the right-hand side of Eq. (5.19).
Analogously, here

1
j ro(y - du)/x) droog S r [-A{1-2¢ + v (r)} + 11 (r)] dr, (3.6)
x=A r v

where

KF NJ

r, - lvg=iu) A 4 :E: (v -iu) sin AA + z d;(¥5-i8;) sin wy A (3.7)
ko= 1 j=1

C. Total Moment Coefficient,

The total side moment coefficients due to pressure and shear stress,
respectively, are

Cousmyp = CeusmypL * Cusmype (3.8a)

Corsmyv = Crusmyve * Crusmyve- (3.8b)
The total side woment coefficient is

“eLsMy T busmyp t Coismyve (3.9)

We now define the tollowing side moment coefficient:

17




CL z CLSM T. (3.10)
For given cylinder, 1liquid, and spin, C_ is proportional to side moment,
regardless of the perturbing frequency.
IV. COMPUTATIONS
A. Results.

We present side moment coefficient histories for the same four combina-
tions of Re and A that were considered in Reference 3. These cover a Reynolds
3 to 2 x 106. Here we plot C; instead of

CLsme There is an advantage to this representation in that relative ampli=-

number range of approximately 5 x 10

tudes of moment are immediately apparent for all perturbing frequencies.
Again, the results are compared with inviscid perturbation calculations
produced by the method of Murphy."“

In Figure 2, C(_ histories are shown for five nutational frequencies:

c = 0.04, 0.05, 0.09, 0.12, and 0.14. These were computed with the Nedemeyer
Jaminar Ekman layer spin-up flow model. The results are qualitatively simi-
lar to those of Figure 2 in Reference 3. The t = 0.04 curve asymptotically
approaches its maximum with increasing ¢t, indicating a resonance for spun=-up
liguid. A1l the other curves have peaks demonstrating resonance with the (k,
n) = (3,1) natural oscillation mode of the liquid.* The ¢ = 0.12 and 0.14
curves have additional peaks (right-hand peaks) produced by resonance with the
{(k, n) = (5,2) mode. There appears to be a maximum overturning moment that
the casing can experience, produced by a particular nutational frequency at a
particular time, In this instance the maximizing frequency is very likely
close to 1 = 0.09 and the time close to ¢t = 1200. For t = 0.12, the
amplitude of the (k, n) = (5,2) mode is small compared to that of the (k, n) =
(3,1) mode; however, for t = 0.14 the two amplitudes are comparable.

The inviscid perturhation results are also shown for ¢ = 0.04, 0.05, and
0.09; for r = 0.12 and 0.14 inviscid results are unobtainable because of the
presence of the "critical layer” (discussed in References 10 and 11), occure

ring when V/r =  at some r., The relative positions of the curves are

N oy oy T e >od Lo 1t P . .

v pPogder e referred to Seferences 8 and 10 for icseriptions of the ogoil-
o o of a liquds el nder,

loe o H Sediey ooid No Gerber, <’ "'1 rations of Uil v g Dotating Cnulinder:
- TL el 7% . ; T s
fart ILopin=lpy " Balllsti weavel Laborator., Aberdeen Provina Ground,
el T, ARBRI=TR=00448, May 79‘30. (A2 AT=a0. )

Che e Sedne sand N Gerber, "4 Study of the Opitloal Laurr ‘n a Rotating
Plgntld copload," Balllstle res caral Laboratore, dberdeer Proving Grownd,
MoraloedD ARPRL=TR=02680,  anat 1984, (Ove a0 AT Paper No. 84-0342°,
Jorare. 1R,
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similar to .nose in Figure 2 of Reference 3, but the relative discrepancies
are now larger, for a discrepancy in viscous shear moment is now added to that

in pressure moment. However, the predictions of times of peak moments still
agree to within about 0.07 s,

- - Figure 3 deals with a case of smaller spin-up time (spin-up time defined
e in Chapter [ of Reference 12); therefore, the interval of interest applies to
N smaller $t. The Ekman layer is taken to be laminar in the spin-up flow model.

In Figure 4 the eigenfrequency histories of five oscillation modes during
spin-up show the times when resonances with the coning frequency t = 0.15

. occur, i.e., when Cp = 0.15. The time of occurrence of the peak obtained by
the present method, §t = 225, indicates a resonance with the (k, n) = (3,1)

mode, The inviscid perturbation method fails to show this resonance; possibly
the meihod deteriorates with decreasing time shortly before it breaks down due
to the critical layer. The inviscid computation shows a prominent peak at
It - 250 in Figure 3 where the frequencies (computed with inviscid perturba-
tions) of the (k, n) = (5,2) and (7,3) modes are approximately equal to 0.15.
The present calculation shows no indication of resonance at this time, though
a joy appears in C(LSM)P in Figure 3 of Reference 3.*

The present computatio~ does not extend below ét = 200 because of
problems (described in Chapter II.C of Reference 3) which arise at "small"
times, These are manifested in the difficulty encountered in obtaining
certain of the uJ's. While this difficulty is not necessarily insuperable,

the required labor can at times render the effort infeasible.

In Figure 5, moment coefficient histories are shown for Re = 1.85 x 106
for two aspect ratios differing by 2.55%. The turbulent Ekman layer was
employed in the spin-up model here. The sensitivity of side moment to c/a is
borne out by the two widely differing responses to disturbances of the same
frequency. Both cases can be plotted on the same graph since the times of
significant variation in the two sets of curves differ markedly (¢t ~ 10,000
tor A = 4,9/3 and §t ~ 40,000 for A = 5.100).

We first consider the c/a = 5.100 case. Fiqure 4 in Reference 3 demon-
strates the agreement between the present and inviscid perturbation methods
for the pressure contribution alone. Discrepancies between the two outputs
are noticeably increased when shear moment is included, particularly near the
times of occurrence of the peaks. In the present method, the viscous shear
increases the overturning moment by as much as 25% at $t = 42,000; whereas,
the inviscid perturbation method generally yields a slight decrease. However,
the two curves approach each other as $t increases, reaching a limiting value

.
A N P . S . “" S .'.‘:‘,v L R R e P AT TS A e I':':I.'L"' A‘:‘ ¢f:
' co e e R s o poan the e,
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of CL = 2.95 . 10'4. The predictions of times of peak moments differ between

the two metnods by approximately 1.6 s for O wiy (Flyure 4 of Reference 3)
and by approximately 1. s for ().

rii For ¢/a = 4,973 the addivion of shear modent does not affect the inviscid
output gualitatively, as indicated by inspection of present Figure 5 and

- Figure 5 of Reference 3. However, it drastically changes the picture for the
- present m tnod; the CL curve has a minimum with negative value as before, but

: it alsy has a peak immediately afterward. The peaks for both aspect ratios
‘ indicate resonance with the (k, n) = (5,1) mode of the liguid. -

3. Acuuravy of Results,

Contidencr in the numerical  results rojuires saome estimate of their
> accuraty. A thorough-going error study tor wide ranges of physical parameters
is not feasible; we confine our attenticn to the cases treated in Section
[V.A, There are at least twelve parameters in the spin-up and perturbed
Navier-Stokes calculations alone that control the accuracy of the numerical
procedures, Accuracy as used here is quite different from validation of the
tneory.  There are, in fact, no experimental data to compare with the present
theory,

In a1l cases we computed spin-up protiles witn r-interval ar = 1,200 and
e 1aterval A {it) small enough  so  that five or fewer 1terations were
required for convergence, For the perturbation eguations, we took A r =
171000 and performed no less than fifty orthonormalizations. We used as many
as thirty terms of the power series to evaluate the solutinn to the perturba-
tion equations at r = 0,001 where the numerical integration began, and we used
seven terms (9, sin \kx) in the biorthogonal expansion of the function x. In

a1l iterative processes, we required convergence at least to five decimal
places,

i

noths problew an additional facter, apart trom those introduced by the
naerical operations, must be considered; namely, the error Er of Eq. (2.19)

rosatting from approximating o (r) by a finite series, Pj wj (r), in

¥

"o

A 1
Paa, C0eY and (2017). This appreoximation is mede in order tn minimize the
werall ereoe resulting from faiture of the salutinn to satisfy the endwall
Fannvtary condition identically. In the procedure ot Reference 3, desiqnated

"Miotnogd " ohere, we used NI Qj's; whereas, 1n the prese~t procedure, desig-

nated "Method  TIL," we emplay (NJo+ 2) & sy othe farsn AT oat o whigh are
}

identical to those ot Method I. Whenever possinle, we set NJ = 6, but 1t 1is

nat dalways possible to do so.

P R IS SN T PRI UL .

4
Figures 6, 7, 3 dnd 9 present comparisan, ot wrrors for Methods | and Q1.
Im harh methods,  (r) 0 and 2l n]'g S04t st booy roatation, so o that in .
. . . : . | L
pranciple e (20 5 <) 0 dndererminat oo Resu T te Tngitate 3 general trend an -
Vi1 the error decredases as time dearodses froe t ¢, roaches g minieym o and )
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then increas s, sometimes at a rapid rate, as t » 0. In Figure 6, Method 11
yields a considerably smaller error than Method I, being always less than 1/2
percent; the same result holds for = 0.04 and 0.09. One would expect a more
accurate approximation from Method II because there are NJ + 2, as compared to
NJ, functions with which to approximate ¢ (r). This is true in most of our
cases. However, the error of Method II can also become very large, as shown
in Figure /. We note that ¢ (r) and the functions with which it is fitted
generally have sharp dips or spikes near r = 1 because of the sidewall bound-
ary layer. ‘Fturthermore. at early time when a critical layer is present, these
o functions often have sharp oscillations in the critical layer. These two
. . factors should account in part for the large error of Method II at early time.

N

Method 11 produces a considerably smaller error than Method I for the

case in Figure 8 and for the c/a = 5.100 case in Figure 9. For the c/a =

4.973 case in Figure 9 the region of resonance is at early time, and the two

methods have comparable errors. In all the error plots except those in Figure

E 7, six eilgenvalues ] and corresponding eigenfunctions were used. In the plot

for = J.12, due to\the difficulty of computing other eigenvalues,. only the
n=1,2,3,4 wodes were used for $t31000 and the n = 1,2,4 modes for 4$t<1000.

The eigenvalues 1, together with their associated eigenfunctions, w(r),

, are important parameters of the solution, not only in the number used but also
[ ] in the choice of ergenvalues and functions when a choice is available. At
solid body rotdation the radial oscillation modes are identified according to
the increasing value of the real part of the eigenvalue and designated as n =
1,2, etc. The osciliation modes retain their identity with decreasing time,
’ but eventually their history has to be traced in small time decrements since
Ei some of the Real (“n) vs t curves cross.

Experience indicates that the most accurate calculations are obtained
when the lowest possible modes  are  employed in the approximation to ¢ (r);
e.y., 1 N =4, the j = 1, 2, 3, 4 in Eq. (2.6) should correspond to n = 1,
7, 3, 4. Table [ provides an illustration. To three figures, the (n = 1, 2,
3, 4) combination ygives the same €i values as the six-mode calculation, which

_ presumably is the wost accurdte choice; and the C, from the (n =1, 2, 3)

:f: combindtion differs trom tnese by less than 3%, It should be noted, however, :
- that ayreement between tne four- and six-mode approximations is not always as

. good as that ohtaieed in this particular case,  The other combinations give ]
- values of O that atter by gt Jeast 10 and 13% from 0.0204. In this instance !
® , L

; the sensitivity ty onotce of modes is more notable then sensitivity to number 1
- ot mode:s., e thivd and tourtn comtinations in Table 1 can arise in the

% actual woment cal alation,  Under certain circumstances, the iteration process X
i mdy converge tooan eigenvalue otner than the one heing sought if tne initial S
.. guess s onat sutfaciently close to the final  answer, This phenomenon 1is R
° discusset on page P10t Reterence 3.0 In tne case shown in Table 2, the two

g ) determingt jong ot o ditter by abour 4, b
X Frogures 1o, b, and 12 compare the C's obtarned by Methods 1 and II. s
. . o N N
. For the e A, 777 and Re = 1,85 - 10 cases there 15 general agreement DY
} between the outputs of the two methods even though the tr's disagree ?Figures ]
- b oand Y).  Thus, tr is no' a sensitive indicator of the effect on C of the ]
. C
" - -',1
L o : . - A . . Lo
L'\"A._."".l..."‘ Y - . PR RN PP AP L "‘._.._1'4;4"!"-4'




method emqloyed. For the Re = 4974 case, the discrepancies are appreciable;
e.q., at ot = 400 the CL of Method 1 is less than half of the C; of Method

II. In light of the errors plotted in Figure 8, we conclude that Method II
yields the more accurate value of C; in this particular case.

TABLE 1. EFFECT OF RADIAL MODES ON ERROR AND MOMENT COEFFICIENT:
Re = 4974, A = 3,30, 1 = 0.15, ¢t = 220.

i Mode (n)
Combinations Er _EL_.
1, 2, 3, 4, 5, 6 0.14 0.02044
' 1, 2, 3, 4 0.58 0.02043
l, 3, 4, 5 3.65 0.02268
2, 3, 4, 6 10.89 0.01674
) 1, 2, 3 1.38 0.02051

TABLE 2. Er AND C FOR TWO SETS OF MODES: Re = 39,772,
A= 3.12, t=0.14, §t = 1000,

|
y Mode (n)

Combinations Er CL
) 1, 2, 3, 4, 5, 6 0.97 0.000637
' 1, 2, 3, 4 4.14 0.000585
) V. SUMMARY

The primary mechanism for producing unstable motion of projectiles with
fully spun-up liquid payload is resonance between the coning motion of the
projectile and inertial oscillations of the contained liquid. Resonance also
occurs early in the flight during spin-up, but the transient natures of the

J fluid flow and projectile angular motion make prediction of instability more
difficult than for solid body rotation., This report describes a procedure, -
based on linearized flow, for calculating the side moment exerted by the o]
liguid on the casing during spin-up for the special case of constant coning Tt
frequency and zero yaw growth, Here the moment due to shear forces is
included in addition to that due to pressure forces. The heuristic approach
) of Murphy" is used which makes crucial assumptions regarding time-dependence

PPV Sl

5

Lo

y

3
-4
-

........................................................
................................................
.....................

....... . RN

CACREC LA AL A TR i AP S i P e A M R A R S R S i e R TR R R S S AR SR . . .

a® e . ER T IC A YL AP S SN ML MU DR MR ORI i R Y . I L PR AT -
PR IR, DA R PR Y R ARSIV, S, LA, R S S A UG M AT TS GO WADAR WA WS el vreTnrurasr s rareare RPN |




Al

| )}

A

v T T YT Ty et M Jbun Aven JMne e st Abes Jbaa Sa Jiee Snes Seae Seas Sy e Smne i et S

of the flow and the endwall boundary condit..... Because of the specialized
angular motion the present treatment cannot simulate actual flight, although
it can simulate performable gyroscope experiments. The validity of this
method is expected to be strongest at late time and diminish with decreasing
time.

Calculations were performed for four combinations of Re and A and a
variety of nutational frequencies. The peaks of the Cy vs ¢t curves indicate

transient coincidence of certain inertial frequencies of the liquid with the
frequency of coning., For a given container, payload, and spin, there is a
finite frequency which maximizes the side moment during the course of spin-up.
The duration of a side moment surge, as well as its amplitude, will undoubted-
ly be a factor in determining onset of instability in a free-flight situation.
Comparison of output with resuits of the inviscid perturbation method shows
qualitative agreement at late time but differing indications of resonance at
early time, as, for example, in Figure 3.

In the current analysis an ad hoc correctisn was made to the endwall
boundary condition which is an extension of the correction for the solid body
rotation problem. A subsequent refinement should be the inclusion of the
Ekman layers in the basic flow. This step is necessary in order to have a
rational approximation to the solution. It is not expected to be easy to
achieve.

ACKNOWLEDGEMENTS

The author is pleased to acknowledge the help of Ms. Joan M. Bartos, who
progranmed and performed the moment calculations. Appreciation is extended to
Dr. Raymond Sedney for his overall guidance. The moment data for inviscid
perturbation were obtained from calculations performed with a program prepared
by Mr. James W. Bradley,




=l

SPIN RATE ¢

NUTATION RATE T

\\
\

O AND O - ORIGINS
OF COORDINATE
SYSTEMS

P - PIVOT POINT
PQ - UNIT VECTOR

p OP=0P=¢

———— e e -_._.\

.
3

~

L

»l

A

td ~ ' A
{ e

» Figure 1. Diagrams of Coordinates and Cylinder.

P L S A A R N S TR - EE S S e N LA A R - .
P L O P R T B R S AT -~ - - A - . - R ORI P .
[ PRI PR PO PP L. YR PR PN DTV T WY PR DU PO P TN D UL P DR D R Wl Wl W VE W W W D R W W Pe J




\ . 4
h “S/ped pC/ = } “2T°E = V ‘2LLEE = Y ‘s31DUSNDILY !
| [eUOLBIPY BAL4 404 SILUOISLH JUDLDL3S0) JUAO OFLS "2 94nbL4 ]
! . g
19 .
00 000€ 00SZ 000 004 000t 00S 0
f T T T T T T 10°0— -

L
..L
¢ .....x
. - 000 o
. pA ...“,
.\..L
- - .--.L
; hn Foo "
. ... qu < . ..H
' o Y
i : . S
3 ." = No o . Y
” P %
v.. .. v ~L
. m“. ¥
.. . u
. i 4 €00 :
’ -. .....;
: o ¥ ]
. "343d PLISLAU] ------ |
*21P) 2U3SIUd ——— .
1 182 d B 3 O &
4
a.-..;
Y. ...”L
* |
'
. X

rlllllb! - Lm ISP N ..I“ﬂ ) . .. _. .rnv. . " fnblh TN < 7.> i a,




P ——

T

A\-L
._A...‘
"61°Q = 1 M
Cs/ped [€6E = ¢ C0C°E = ¥ ‘PLOY = 3y ‘A40ISLY JUSLILIB0D JUSWOLL BPLS L aanbi 4 4.
¥ ..
009 00S oo¥ 00t 00C oot 0
L T T L T 000
y

4 100

-1 €00

*143¢g PLOSLAU] ----=-=---

*J|e) JuUdSBUY —--— —— 1 o0




o R ARICEN A DT
. R [ ) A
'R e,

| : ‘ ‘ . . . . . - v
R . o i . . a . i , e . o
t , R

— — -y ——p——y -y N - 1 Am a o w e Gy — e N vy . Te Th
- 4 g v PR Pdriraut At o) L, L, T M Dot Rt A - Te - Al
-y AR S J v MM P 4 Ty . - o ; y g ; " AAan) ; "

UL

‘08°E = ¥ ‘bi6Y = 3 *S9pO,, 9AL4 40) SILUAOISLY fousnbauguabty dn-uids “p a4nbt 4 __

16 >

’
v
o .

OOy OSf O00E OSZ O00Z 09 OO0 O O .
_ T T T T T 1 T 000

(1°¢)

27




—~—— -~

*

AR SR adi-eas -adas

W

T

"620°0 = 1 ‘s/ped 1p2=¢ ‘01 X C8°1 = Y

‘soryey 323dsy OM] 404 S3LJU0ISLH JU3LI14490) Jusuwol IPLS "G aunb1y
e
0000S 0000Y 0000¢ 00002 00001 (0]
V T T T T
(1°6) = (u™)
i "343d PLISLAU[===--=-
20" = 9 —
*D1e) JUSSBUd
I“. - , -
1
€L6'p =V
= Ac,xv
520" = 99 A

00—

G00°0—

0000

G000

0100

Gl00

28




FESs W v —w -

NE i

———T

6QG = Y ‘2U'E = ¥ ‘2LL6E = oY
‘11 pue I Spoyis|! jO S.J0443 2bejuadUd4 usamiag uostaedwd) 9 a4nbiry

3¢

000¢ 00S2 0002 (0,0, § 000t 00s 0
— T T 1 T T S0

. R T
PRI S GNP ST UL W W Y

N ++++++=..=++++++ N 40

1
o

R LS S
e e T . P IR
PRI Yad Ul NE W WLl WP Wl e iy iy e

29

43 001

R
W tegie S e gt

e
R A R A IR N N T T .
Aal Lot [ NI, DRIV - LI RPN I A > hd

o
A
g 3

IT pouylsli + -
I pPouUlsli Q

1
n M
g

l
<

.
4
»
ool
W0
o)
-A
'
3
.
),
.
.
o




- Gt

PR

< o
LIRS RS
L AR L 2" " a2 ataN.y

"21°0 = 1 ‘21°¢€ =V ‘2lL6E = oY
11 pue ] SPOY3Id| 40 S40443 3DBIUIIIIH UI3IMISY uostaedwo)y "/ 34nbiy

SRR

1%
oca 0004 O00E 003 0Oy OO 0 i
r T T T T | o— g2

+ i
o g

43 001 e

| ....._
! + powd+ | gy u
. O 1 pousal O -
. 4

——




v

g

‘g0 =1 ‘0e°€ =V ‘hleY = Y
€11 pue ] SPOY3d,l 4O S40443 20BIUIDUBY UISIMIIG uostaedwo) @ a4nbly

3¢

009 00S oor 00t 00Z (0,0 2 0
i | ! I T T

+ ++++++$...J« 40
4+

-

43 CO1

11 POUIB +
I POWIRL O

3




.......

-. ‘-..J
]
e

Sa s 'a a’a® la_ala

.

"GZ0°0 = L ‘401 X 68°1 = 3y
t ‘1] pue [ Spoyis,i 40 SJ044] abejuaduad uaamiag uostseduo) "6 aunbl 4

MK

-

2

: 00005 0000Y 0000% 00002 00001 0 . i
MR 4 ] N T r .m
4

+
+ = A

LAY

Ala .8l a

oA

O OO0 O o (o)

;

%
X
y A IT POUIS + xﬂA

|
<

ﬁ 0ct™e = . poulal; O

a
N

R AT A Y
. 2" LRSS
e elortnsalimnonilon . ol

43 0C1

PRLIPL PP

1
®

1
@

.
~
-

T
e
- IS
-

.

o

al

. ad
e ettt
et afat alatatalatal

pr—

-

p
-
W

e e

=
ra




.......

- v v
vy v BROCRCRD s 4 Py A Ty
P " v 11114.’!1.‘!\4‘.(.11« TN ey
) e . e
e ’ ’

_ , "2IE < Y ‘20766 - ay
IT pue 1 spoyzay; o >3U812:14330) Juawoy) aps U9dMIag uosiueduo) g 34nb1L 4

3¢ ;

00St 000¢ 00SZ 000z 008 o001 00S 0
r T — ] T T T S00°0-

! X
3 o ®
| -1 000°0

Tr—
DR
Ky

-1 S00°0

- 000

]
[

ve*

<0° 1 900

-1 0200

AN

Y P

,. Lrowiaw x4 g co-
1T poy3ay ;

G200




"g1°0 = 1 ‘0£°¢f =V ‘pLby = 3
1] pue I SPOYI3y 40 SIUBLILSJI0) FUBWON 3PLS UIIMISY

39

uostaedwo)

“11 asnbid4

0

r

1

[ POYISNW
[1 POY3IoW

]
o

009 005 OOy 00f OOC OO
-

l '

0

("

e ....N _ N

0000

-1 S000

< 000

- s100

- 0200

- 6200

. oA >|.» ' ‘..\..iuA.n ?.b N

I W Sy 9 W e e

e A

.
At e S as 4

S
o

34

e




I DA - ac e — p—— p—y— y—y v ——v . .414 11 - 41 4,..4.
L . ” _ ,.
,.-.
)
f "620°0 = 1 ‘901 x 68°1 = 94 .
aHH pue | wUOIMmZ 40 mucw_yu.r.w%moo JUBSWOR apLsS ugomlag COm_..LQQEOU 21 mLDD_.u_
7. 0000S 0000V 0000¢ 00002 00001 0

A

L

i L

! 1

I pouleyl
1T poylsy

1

!

0

[

S000—

- S000

- 000

4 ql00

[Se]
™

ML NP A S S S W U VOl S Sy SUpur eyt

PPy €. ey




- T — - YT

REFERENCES

K, Stewdrtson, "On the Stability of a Spinning Top Containing Liquid,"
Journal of Fluid Mechanics, Vol. 5, Part 4, 19499,

E. H. Wedemeyer, "Viscous Corrections to Stewartson's Stability Criter-
1on," Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland,
BRL Report No. 1287, June 1966. (AD 419687)

N. Gerber, "Contribution of Pressure to the Moment During Spin-Up on a
Nutating Lliquid-Filled Cylinder: Ad Hoc Model," Ballistic Research

Laborﬁtor Aberdeen Proving Ground, Maryland, ARBRL-TR-02563, June 1984.
D Al4)678)

€. H. Murphy, "Moment Induced by Liquid Payload During Spin-Up Without a
Critical Layer," Ballistic Research Laboratory, Aberdeen Proving Ground,
Maryland, ARBRL-TR-02581, August 1984, [AD 1145716). {See also AIAA
2nd Aerospace Sciences Meeting, Rena, Nevada, AIAA Paper No. 84-0229,
January 1984.)

C. H. Murphy, "Angular Motion of a Spinning Projectile with a Viscous
Liguid Payload," Ballistic Research Laboratory, Aberdeen Proving Ground,
Maryland, ARBRL-MR-03194, August 1982, (AD AI18676) (See also Journal of
tuidance, Control, and Dynamics, Vol. 6, July-August 1983, pp. 280-286.)

N. berber, R. Sedney, and J. M, Bartos, "Pressure Moment on a Liquid-
Filled Projectile: Solid Body Rotation,” Ballistic Research Laboratory,
Aherdeen Proving Ground, Maryland, ARBRL-TR-02422, October 1982,

(AD Al120567)

N. Gerber and R, Sedney, "Moment on a Liguid-Filled Spinning and Nutating
Projectile: Solid Body Rotation,” Ballistic Research Laboratory, Aberdeen
Proving Ground, Maryland, ARBRL-TR-02470, February 1983. (AD A125332)

E. H, Wedemeyer, "The Unsteady Flow Within a Spinning Cylinder,”
Ballistic Research Llaboratory, Aberdeen Proving Ground, Maryland, BRL
Report No. 1225, October 1963. (AD A431346) (See also Journal of Fluid

Mechanics, Vnl., 20, Part 3, 1964, pp. 383-399,)

£. W. Kitchens, Jr., N, Gerber, and R. Sedney, "Oscillations of a Liquid
in a Rotating Cylinder: Part I. Solid-Body Rotation," Ballistic Research
Lahoratory, Aberdeen Proving Ground, Maryland, ARBRL-TR-02C81, June 1978,
(AD A057759)

R, Sedrney and N, Gerber, "Oscillations of a liquid in a Rotating
Cylinder: Part [T1. Spin=Up," Ballistic Research Laboratory, Aberdeen
Proving Ground, Maryland, ARBRL-TR-02449, May 1983, /AD A129094;

. sedney and N. Gerber, "A Study of the Critical Layer in a Rotatiny
Lrgquid Payload," Ballistic Research laboratnry, Aberdeen Proving Ground,
Maryland, ARBRL-TR-02582, August 1984, (See also AIAA Paper No. 34-0342,
January 1984.,)

R. Sedney and N, hGerber, “Viscous Effects in the Wedemeyer Model nf Spine
Up trom Rest,” Ballistic Research lLaboratory, Aberdeen Proving Ground,
Maryland, ARBRL-TR=-02493, June 1983, (AD Al129516)

Tat s e Is L

PO G




]
o
APPENDIX A
CALCULATION OF ej's
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APPENDIX A,  CALCULATIUN UF eJ'S
bge (Z.1b) 18 restated: J
Ng o+ 0 k
Kiey o= o, lr) - 2 eoow iri, (A.1) 1
Joe 7
|

We now detine the following elements:

.1
Sn = 3 u \/"\ « (‘,‘L)nj {;n (r)} dr n = l’...’NJ + 2 (A.z)
i
1
Sn,j S QJ <conj [w ] dr n,j = 1,eeu,NJ + 2, (A.3)
0

where conj [Wn] is the complex conjugate of W, .

The ej's which minimize the error integral g of Eq. (2.18) are found by

solving the following system of linear complex eguations:

E Snj ey = S, n=1,e0.,N + 2. (A.4)

POV AP
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LIST OF SYMBOLS

a cross-sectional radius of cylinder, Figure 1 [cm]
A - c/a, aspect ratio of cylinder
by biorthogonal coefficients for series expansion of x in interval

A< x <A, Eq. (2.21)

c half-height of cylinder [cm]
CL Cism 1, a side moment coefficient
C(IIM)PE endwall pressure in-plane moment coefficient, Eqs. (3.3)
’ and (3.4b)
C(LIM)PL sidewall pressure in-plane moment coefficient, Eqs. (3.1)
and (3.2b)
C(LIM)VE endwall viscous shear in-plane moment coefficient, Egs. (3.3)
) and (3.5b)
C(LIM)VL sidewall viscous shear in-plane moment coefficient, £gs. (3.1) 1
and (3.2d) ;
CLaM total side moment coefficient, Eq. (3.9) 3
Y
]
Crismyp pressure side moment coefficient, Eq. (3.8a) 1
. . ]
C(LSM)PE endwall pressure side moment coefficient, Eqs. (3.3) and (3.4a) ]
CoismypL sidewall pressure side moment coefficient, Egs. (3.1) and (3.23) 1
“(LSM)V viscous shear side moment coefficient, bq. (3.8b) \
1
C”le)”( endwall viscous shear side moment coefficient, Eqs. (3.3) -
{LSM)VE ,
and (3.5a)
CoLaMivi sidewall viscous shear side moment coefficient, Eqs. (3.1) o]
LL5M) and (3.2¢)
Ck natural oscillation frequency of rotating liquid/} R
11 o
T
R
q
1
9
’
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LIST OF SYMBOLS (Continued)

coefticient in series given by the 3rd terms on right-hand
sides of Egs. (2.6a) - (2.6d)

coefficient defined in Eq. (2.17a)

relative error measure defined in Eq. (2.19)

(1 - ie)r, complex representation of angular motion, Eg. (1.3)
error inteyral defined in Eq. (?2.13)

index of axial eigenfunction and eigenvalue

coefficients of combination of linearly independent solutions,
(Eq. (2.12)

index of final term of sin A X and cos A X in Eq. (2.6)
yaw amplitude at time t = O
Ko eET@t, yaw amplitude at time t, Eq. (1.3)

nondimensional x (and x) coordinate of pivot point

sidewall and endwall contributions, respectively, to liquid
mament about z-axis [g cm</s<]

index of radial mode for eigenfrequency, Cr

components in the y, z plane of a unit vector lying on

the x=axis

number gf terms in the series given by the 3rd terms of the
right-nand sides of fqs. (2.6)
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LIST OF SYMBOLS (Continued)

pressure/(pa2$2)

242

r, x variation of perturbation pressure/(K;ea %)

Jjth radial eigenfunction in series given by the 3rd
term in Eq. (2.6d)

first term in solution to p, Eq. (2.6d)

coefficient of sin A x in series given by the
2nd term of the right-hand side of Eq. (2.6d)

perturbation pressure/(KOpa2$2), Eq. (2.1d)

axisymmetric unperturbed pressure/(pa2$2). Wedemeyer
spin-up model, Eq. (2.1d)

(1/a) = radial coordinate in inertial coordinate system
error function defined in Eq. (2.16)

Reynolds number = a2$/v

"effective" Reynolds number, Eq. (2.5)

time [s]

(1/{a¢]) = radial, azimuthal, axial velocity components,
respectively, in inertial frame

(1/[Kga$)) = r, x variation of perturbation radial,

azimuthal, axial velocity components, Eq. (2.2)

coefficients of sin uyX and cos Mjx in series expansions

for u, v, w, p (3rd terms of right-hand sides of tqs. (2.6))
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LIST OF SYMBOLS (Continued)

coefficients of sin A X and cos A X in series expansions for

o
=~
-
<
~
-
kY
~

u, v, w (2nd terms of right-hand sides of Eqs. (2.6))

>
>
>

Ugs Vor Wy 1st terms in right-hand sides of Eqs. (2.6a), (2.6b), and (2.6c)
* * * . . - n 0]
U, V, W (1/[Kgadl) x radial, azimuthal, axial perturbation velocity
components in inertial system, Egs. (2.1) and (2.2)
‘ U, V, W (1/[a$)) x radial, azimuthal, axial velocity components of
Y- axisymmetric unperturbed flow, Eq. (2.1)
o
f Gi’ 01’ Qi (i =1, 2, 3) linearly independent solutions which are
i inu ., V., W . (2.12
combined to obtain ug, v, W, EQ ( )
T‘
: Xy, ¥y Z rectangular coordinates_in inertial system (x-axis along
3 trajectory) [length/al, y = r cos 0, z = r sin o
r
rectangular coordinates in aeroballistic system (;-axis )

along cylinder axis) [length/a)

quantity defined in Eq. (2.4b), used in evaluating C(LSM)VE

correction term in ad hoc endwall boundary condition,
Egqs. (2.3) and (2.4c)

(1/1) x yaw growth per radian of nutation

0 for y #0, =1 for 5 = 0 (Eqs. (2.23) of Reference 1)
polar angle (azimuthal coordinate) in inertial system
eigenvalue in axial problem, Eqs. (2.6) and (2.7)
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LIST OF SYMBOLS (Continued)

eigenvalues occurring in series given by the 3rd terms of
the right-hand sides of Eq. (2.6); see paragraph preceding
Eq. (2.8)

kinematic viscosity of liquid [cm?2/s]

vector describing angular motion of cylinder, Eqs. (1.1)
and (1.2)

density of liquid [g/cm3]
nutational frequency of cylinder/$
spin rate of cylinder [rad/s], taken to be positive

function defined in Eq. (2.17e), used in Eq. (2.16)
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